Numerical simulation can be a useful tool for studying composite media. It is not limited by weak or single scattering assumptions, and it requires only constituent properties and an arrangement of constituents as input.
INTRODUCTION
Measuring velocities and elastic moduli in composite or porous media is both a fundamental and a practical problem. Recent studies (cf., Wang and Nur, 1990; Zhu (1990) on Biot's (l956a, b; 1962) theory indicate that its application to reservoir characterization and cracked rocks is limited because the scale associated with the equivalent uniform Biot medium is assumed to be larger than pore (or inclusion) size, and much smaller than seismic wavelength. For cracked reservoir rocks, Biot's assumptions may not be realistic. Gassmann's (1951) equations [which are the zero frequency limits of Biot theory (cf., Domenico, 1977; Zhu and McMechan, 1990) ] can be used to estimate frame bulk modulus K b from the bulk modulus of the saturated medium K; (e.g., Greenberg et al., 1990) . Thus, moduli at any saturation can be calculated from the moduli at a given saturation. This procedure does not relate moduli of the composite to those of the constituents; this limitation is also true of statistical approaches (cf., Chernov, 1960) . Marion and Nur (1991) predicted moduli of a saturated rock from those measured from the same rock with a different saturant, using a boundary averaging method.
Another approach to studying scattering in a multicomponent medium involves simulation of the seismic response of local (usually random) velocity fluctuations with numerical solutions of acoustic or elastic wave equations. Examples include Frankel and Clayton (1984) , Frankel (1986) , Gibson and Levander (1988) and Levander (1990) ; these used finitedifference implementations, which cannot flexibly follow boundaries between matrix and inclusions. Moreover, staggered grid and higher-order finite-difference schemes implicitly operate on a smoothed representation of a medium, as boundaries between matrix and inclusions cannot be specified to be sharper than some substantial fraction of the spatial interval between grid lines.
The effective medium theory of Kuster and Toksoz (1974) predicts the elastic response of a composite medium provided that properties of each constituent are specified. Aspect ratios of the inclusions are also taken into account. The Kuster-Toksoz theory provides analytic solutions in which effects of multiple scattering are treated only in an average sense. Extending the analytic theory to include all multiple scattering effects could be done in analogy to the electrodynamic case (Lamb et al., 1980) . This would require extensive work and the results would be difficult to interpret.
A good review of elastic properties of composite media is provided by Watt et al. (1976) .
We investigated the importance of multiple scattering between inclusions using a finite-element numerical approach. This permits flexible, fine-scale positioning of the inclusion boundaries, which is not possible in finite-difference models. As an initial step, we considered plane-wave propagation in a two-dimensional (2-D) space (strictly speaking, a 2-D problem in a 3-D space), with a two-phase (solid/solid) medium.
Primary goals were an estimation of elastic moduli and velocities from numerically generated observations for realistic constituent properties and an investigation of effects of inclusion distributions and shapes. Numerical simulations of wave propagation in composite media were run for three cases. Two had octagonal inclusions and the third had square inclusions. Inclusions were of identical size, and they were positioned randomly, without overlap. Compressional and shear velocities were measured for a number of inclusion fillingfractions.
Results indicate that, at long wavelengths, 2-D analogs of the Kuster-Toksoz formulas are quite accurate for these kinds of solid/solid two-phase composite media with near unity aspect ratio, and typical constituent moduli.
NUMERICAL MODELING
The numerical scheme used in this study was a finiteelement method. A heterogeneous formulation derived directly from linear elastic equations was used. We chose a finiteelement scheme for its flexibility in handling boundaries and inclusion shapes. For spatial discretization, we used linear, quadrilateral, finite-elements, which were occasionally split into triangle pairs. Mass within an element was assumed to be lumped at nodal points. Temporal discretization was threepoint (central) finite-differences and was solved explicitly.
Boundary Conditions
Internal boundary conditions at each interface were specified implicitly by the heterogeneous formulation. To avoid nonphysical reflections from numerical grid edges, an absorbing boundary condition was required. For plane P-waves, an absorbing boundary condition was applied to the top and bottom. A symmetrical boundary condition was applied to left and right edges to ensure that the horizontal displacement component was zero. For plane S-waves, an absorbing boundary condition was applied to all edges. Tapering at the ends of the plane wave sources was also included. Figure 1 shows the geometry for measuring velocities and elastic moduli in a two-phase (solid/solid) medium. Planewave sources are located at line S. Three recording lines are located at depths of 60 m (Rl), 600 m (R2), and 1140 m (R3), respectively. The grid increment is 6 m, and the total model size is 200 x 200 grid increments.
Measurements
A representative pattern of randomly distributed (but not randomly oriented) inclusions that may touch, but not overlap, is shown in Figure 2 . This is a 20 x 20 portion of a 200 x 200 model grid which had a 66 percent volume concentration of inclusions. Each octagon contains seven grid elements with identical material. The octagonal inclusion shape was chosen because it approximates the circular inclusions assumed in the Kuster-Toksoz theory for unity aspect ratio. Table 1 .
( I) Figure 3 shows snapshots of plane P-wave propagation. at two times , through a composite medium with a 35.3 percent volume concentration of inclusions. Associated material parameters are listed in Table I (Model I). The central frequency of the source wavelet is 15 Hz , and the compre ssional wavelength is about 14 times inclusion size. Examples of seismograms recorded at RI , R2. and R3 ( Figure I ) are shown in Figure 4 (left); noise present after the first break is due to scattering from inclusions. The signal-to-noise (SIN) ratio is enhanced after stacking trace s over each panel (Figure 4 , right).
Group veloc ities wer e measured using differenti al traveltime s M and distances tid between RI and R2 and bet ween R2 and R3 (i.e., v = tid/M ). Tr aveltimes were picked from dat a as in Figure 4 , based upon maximum absolute amplitude s . Polynomial fitting to 5 point s around the peak (the sample with maximum amplitude and two on either side) allowed estimation of "best" arrival time. P-wave veloc ity was measured using a plane -wave vertical-force source and the resulting vertical displ acement component ; S-wave velocit y was measured using a plane-w ave horizontal-force source and the resulting horizontal displacement component. Mea sured group veloc ities VGR were corrected for numer ical grid dispe rsion at mean frequencyii} of the source wavelet using the dispersion formula
where V0 is the nominal velocity , M is the time step. and tix is the grid increment. Errors in compress ional measurement s for a homogeneous medium were es timated to be about ±0 .02 percent by co mpari ng simulation results with the nominal value used to generate the simulation. Once we obtained P-and S-wave velocities, we determined corresponding bulk and shea r moduli , as suming isotropy.
2-D EQUIVALENTS OF THE KUSTER-TOKSOZ FORM ULAS
We performed 2-D numeri cal modeling (i.e. , assuming that a 3-D composite medium is composed of cylinders, and that wavefields along each cy linder are constant) . Since scattering effect s are different for spheres and cy linders, we could not compare the Kuster-Tok soz (3-0) predictions directl y with our 2-0 numeri cal res ults. To compare numerical result s with an anal ytic solution, we deri ved 2-D analogs of Kuster-Toksoz formulas.
The (single) scattering problem of a plane-wave incident upon a circular cylinder ca n be solved in cylindrical coordinates. expressing displ acement components and potentials of each cylinder in term s of a series of Bessel and/or Hankel functions . Using this result and proceeding as in KusterToksoz (1974) . we get
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and P2 are of the inclusions. C is volume concentration of inclusions. Examples of differences between 2-D and 3-D approximate analytic solutions for ILl =F 1L2 are shown in Figure 5 . The largest difference in normalized moduli and velocities is near C = 50 percent, but even here, differences are small. The 3-D Kuster-Toksoz values correspond to the lower Hashin-Shtrikman (1983) bound for 3-D isotropic composites.
ITERATIVE KUSTER-TOKSOZ PROCEDURE Kuster and Toksoz (1974) provide a theory for inclusions of identical size that becomes exact in the dilute limit. Another type of composite theory applies an asymptotically exact theory iteratively, adding infinitesimal increments of inclusion at each step and generating a composite which becomes substrate for the next iteration (Bruggerman, 1935; Heyney and Pomphrey, 1982; Sheng, 1989) . Such theories overcome diluteness restrictions, and are exact for a selfsimilar composite with inclusions on many scales. They are however, just approximations for composites numerically modeled here. For this study the appropriate base theory is the 2-D Kuster-Toksoz analog of equations (2), (3), and (4).
Iterative results are compared with single step results in Figure 5 . Iterative results have larger modulus and velocity with increasing inclusion concentration, although again, differences are small. In this section, we show three examples illustrating effects of multiple scattering and inclusion shape. The first two models contain octagonal inclusions. Properties of constituent media are given in Table 1 . The third model has the same constituent properties as the second, but inclusions are squares.
COMPARISON OF NUMERICAL AND THEORETICAL RESULTS
When shear moduli are equal, composite properties do not depend on arrangement of the constituents (Hill, 1963) . Any theory that is exact for some arrangement of constituents must reduce to Hill's result for this case. In particular, all variants of the Kuster-Toksoz theory (2-D or 3-D, iterative or not) give identical results. Figure 6 shows excellent agreement between numerical and theoretical results for octagonal inclusions with identical shear moduli (Modell in Table 1 ). Since theoretical results are exact for this case, the residual disagreement is a measure of error in the numerical procedure. Table 1 ). Differences, while small, are larger than those for the equal shear moduli case, indicating real disagreement. Figure 8 shows effects of inclusion shape. Numerical measurements for octagonal inclusions were repeated for square inclusions. Composite "bulk moduli" measured from data for a medium with square inclusions were slightly greater than "bulk moduli" from data for media with octagonal inclusions, but composite "shear moduli" measuredfrom the square inclusions media were slightly smaller than "shear moduli" for media with octagonal inclusions. This is probably because inclusions are randomly distributed, but not randomly orientated. As a result, square inclusions are more susceptible to shearing deformation than are octagonal inclusions, and are also less compressible.
SCATTERING IN COMPOSITE MEDIA
Prior examples illustrated propagation characteristics for waves transmitted through a composite medium. In this section, we empirically investigate backscattering (reflections and diffractions) from composite media. The model and recording geometry chosen are shown in Figure 9 . An explosive pure P-wave source (S) with a dominant frequency of 15 Hz is placed at the free surface of an elastic layer-over-a-half-space model; two-component (vertical and horizontal displacements) data are simulated for an array of receivers (R), one every 60 m from 0 to 1200 m offset. As calculations are 2-D, data correspond to a line rather than a point source. For all calculations below, a free-surface boundary condition is applied at the top of the grid. The boundary between media I and 2 in Figure 9 is not sharp. Physical properties of matrix and inclusions in both media are those of model 2 (Table 1) ; only the concentration of inclusions is different in the two media. Thus, the observed seismic response will have an increased noise level due to superposition of energy scattered by each inclusion. A reflection will appear to originate in the neighborhood of a change in concentration if a coherent wave is incident at the concentration change, the contrast between material properties of matrix and inclusions is sufficient to produce significant scattering, and the size and concentration of scatterers are sufficient.
For illustration, we consider two situations. First, medium I contains no inclusions and concentration is varied in medium 2; then concentration is fixed in medium 2, and concentration in medium I is varied. Each of these is considered in turn.
Reflections from a composite layer
To illustrate the effect of inclusion concentration on amplitude and coherence of energy backscattered from a composite layer, the response was computed for three variations of the model in Figure 9 . For all three, the upper medium I was homogeneous, containing only matrix material. Concentration of inclusions in the lower medium 2 was set, in turn, to 66.4, 35.3, and 14.3 percent to produce three distinct models.
. . Backscattered energy in the common-source vertical and horizontal displacement responses (Figure 10 ) for the three model variations are significantly different. When the lower layer has 66.4 percent concentration, a coherent reflection A with hyperbolic moveout is produced (at about 0.6 s zerooffset time) by constructive interference of locally scattered energy. Behind A, smaller amplitude, less coherent contributions are visible. For 35.3 percent concentration, coherent reflection is still visible at approximately the same time, but is of smaller amplitude, and later scattered energy in B is (locally) even larger than reflection energy. For 14.3 percent concentration, scattering inclusions are sufficiently far apart that the response of the composite layer is no longer coherent.
Time windows plotted in Figure 10 are arranged so that the scattered response is all compressional energy. At later times, one would expect to see shear waves, and converted P-to-S and S-to-P scattered waves as well.
Reflections within a composite medium those used in the preceding section (Figure 9) . The concentration of inclusions in medium 2 was fixed (at 66.4 percent); the concentration in medium 1 was set, in turn, to 14.3 and 6.9 percent to produce two distinct models.
Responses of the two models are best analyzed by comparison with the upper two plots in Figure 10 , which also had 66.4 percent concentration in medium 2, but 0 percent in medium I. As the concentration of inclusions increases in medium 1, scattering in that medium increases (Figure 11 ). Converted P-to-S and S-to-P S-waves also become increasingly visible with increased concentration of inclusions. After passage of the high-amplitude surface and direct S-waves, the responses are dominated by scattered waves; some of these (cf., E) are coherent, but most interfere randomly. A coherent reflection A from the concentration change at 800 m depth is still visible in the vertical displacement component for 6.9 percent concentration in medium 1, but is completely obscured by high-amplitude scattered waves for 14.3 Another situation that may produce reflections is a change in concentration when both media ( Figure 9 ) have inclusions. Scattering by inclusions in the upper layer may have disrupted the incident wavefront; if no coherent wave arrives at the concentration change, no coherent reflection can be produced.
To illustrate the effects on amplitude and coherence of energy backscattered from a change in concentration of inclusions within a composite medium, synthetic responses of two models were computed (Figure 11 ). For both models, the source, receiver, and model geometries are identical to Our principle conclusions are:
I) Numerical simulation can be a useful tool for studying composite media. It is not limited by weak or single scattering assumptions and requires only constituent properties and arrangement of constituents as input. 2) For solid/solid media with octagonal cylindrical inclusions and identical shear moduli, composite moduli are accurately predicted by the 2-D analogs of the KusterToksoz formulas. 3) For solid/solid media, there is a small but discernable difference between the response of square and octagonal inclusions. 4) Coherent reflections are produced by a coherent wave incident at a change in concentration of inclusions, if the contrast between material properties of the matrix and those of the inclusions are sufficient to produce significant scattering, and the size of scatters is sufficiently small and their concentration is sufficiently large that constructive interference between waves originating at adjacent scatterers produces a coherent wavefront.
Further research with solid/solid 2-D composites could include changing the aspect ratio of inclusions; this should produce significant effects including measurable anisotropy (Wu, 1966) .
In all the examples above, inclusions are all the same size. If the same inclusion concentration was obtained by inclusions of a range of sizes, both transmission and scattering effects would likely be different. Effects of inclusions with a range of material properties are also yet to be investigated.
A practical limitation in our approach is that each inclusion required a number of nodes to describe its shape; we were limited by the number of inclusions that could reasonably be included. The characteristic dimension of inclusions in the numerical examples was 18 m as we wished to compute responses for a typical macro survey scale (1.2 km). Our numerical approach will permit investigation of micro-scale phenomena (for example, carbonate-cemented sandstone Figure 9 . P is the direct P-wave. S represents surface and direct S-waves. A is the primary P-wave reflection associated with a change in concentration of inclusions near 800 m depth. B is energy scattered by inclusions in medium 2. Reflections within a composite medium. Model and survey geometry are shown in Figure 9 . P is the direct P-wave. S represents surface and direct S-waves. A is the primary P-wave reflection associated with a change in concentration of inclusions near 800 m depth. C represents waves converted from P to S by the inclusions in medium I. D represents waves converted from S to P by inclusions in medium 1. E represents coherent scattered S-waves. grains) at higher frequencies if small samples (on the order of ern) are considered. Reserved for later investigation are fluid/solid composites and specifically 3-D effects. Work with fluid/solid composites requires a modeling code that is accurate for this case. There are at least two possible numerical approaches: first. a staggered-grid finite-difference method (Virieux, 1986; Stephen, 1988) can handle most regular solid/fluid patterns; and second, applying explicit boundary conditions to solve acoustic and elastic wave equations simultaneously (Sochacki et al., 1991) .
In the long term, we may visualize computation of seismic responses from large models that are specified at the scale of individual constituent grains and pores (the ultimate in reservoir description?). This is far from computationally feasible today, but is clearly conceptually feasible (as demonstrated by the examples above) and is a logical end goal of composite media formulations. The computational limitation is in computing hardware rather than software, and will be overcome as computing capabilities grow.
